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Abstract
Tuned mass dampers (TMDs) are a subclass of dynamic vibration absorbers that consist of a mass-spring-damper unit that is
attached to a structure to adjust its response to seismic and wind loads. The efficacy, performance and optimum design of a TMD
strongly depend not only on its mass, stiffness and damping as well as the input energy and the structure characteristics, but also
on the structural response parameter(s) that the TMD is intended to mitigate. In that respect, this study evaluates the suitability of
four objective functions for the optimum design of the TMD of an inelastic, steel moment-resisting frame (SMRF) under an
artificial, white-noise excitation. The objective functions include 1) the maximum roof lateral displacement, 2) the maximum
drift, 3) the root mean square of drifts and 4) the cumulative hysteretic energy of the SMRF. The results indicate that the SMRF
equipped with a TMD optimized using the cumulative hysteretic energy of the SMRF as the objective function exhibits the best
seismic response under the artificial earthquake. Further examining the response of the TMD-equipped SMRF under four historic
earthquake records shows that equipping a structure with a TMD optimized using an artificial earthquake will not warrant that the
structure will exhibit a better seismic performance in all measures compared with when no TMD is used. Put other way, while the
minimization of cumulative hysteretic energy could be the best objective function for a case subjected to an artificial earthquake,
under real earthquakes, none of the objective functions consistently results in a better seismic performance. This behavior is
attributed to detuning effects arising from major structural damages and significant period shifts that occur during strong
earthquakes.

Keywords Earthquake protective systems . Viscoelastic damper . Dynamic vibration absorbers . Metaheuristic optimization
algorithms

1 Introduction

Tuned mass dampers (TMDs) are a subclass of dynamic vi-
bration absorbers that consist of a mass that is attached to the
structure through a parallel spring-viscous damper unit. Under
dynamic loading, the mass moves relative to the structure and
attenuates its kinetic energy. Examples of structures equipped
with a TMD include the Citigroup Center in NewYork (279m
high), the Burj Al Arab in Dubai (280 m high), the Yokohama
Landmark Tower in Yokohama (296.3 m high), the Taipei 101

in Taipei (509.2 m high) and the CN Tower in Toronto
(553.3 m high).

TMDs were originally introduced to control the wind vi-
brations of elastic structures. Their application for the mitiga-
tion of seismic effect, in contrast, has proven challenging be-
cause various modes of vibration require different tunings and
also detuning may occur if the structure dynamics enters into
the nonlinear régime (Saaed et al. 2015). This challenge has
sparked growing research interest in studying and particularly
optimizing the damping and the frequency ratio tuning of
TMDs for seismic mitigation applications.

Den Hartog (1956) was the first to develop closed-form
expressions for the optimum parameters of undamped
single-degree-of-freedom (SDOF) main systems subjected
to a harmonic excitation. In studying the influence of a
group of selected elastoplastic vibration absorbers in the
response of linear SDOF systems subjected to an earth-
quake excitation, Gupta and Chandrasekaren (1969) found
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that the impact of the vibration absorbers was only minimal
and concluded that they are not as effective for earthquake
excitations as they are for sinusoidal ones. Wirsching and
Yao (1973) modeled the dynamic behavior of multistory
structures with an absorber attached to the roof, a nonlinear
spring between the foundation and structure and a damping
mechanism at the first floor. They observed a considerable
reduction in the peak relative response of the top floors by
using vibration absorbers with a damping ratio of 20%.
Wirsching and Campbell (1973) calculated the optimum
values for vibration absorbers’ parameters and demonstrat-
ed their effectiveness in reducing the first mode response
of five- and 10-storey linear structures under a Gaussian
white-noise base acceleration even with relatively small
values of the absorber mass. Warburton (1982) extended
the work of Den Hartog (1956) and derived expressions for
the optimum absorber parameters of undamped SDOF sys-
tems under harmonic and white-noise random excitations.
Such dynamic systems, however, are not equivalent to sys-
tems excited at the base by ground accelerations, and
therefore their optimum values are not applicable for
earthquake loads. Villaverde (1985) showed that the at-
tachment of a small heavily-damped system in resonance
can increase the damping of a building, thus reducing its
response to earthquake excitations. Sadek et al. (1997) de-
rived the optimum frequency (tuning) and damping ratios
of the TMD of SDOF and MDOF systems under different
earthquake excitations with emphasis on achieving an
equal and large modal damping in their first two modes
of vibration (MDOF: multiple-degree-of-freedom). Rana
and Soong (1998) investigated the influence of the
detuning of a TMD’s parameters on its performance using
steady-state harmonic excitation and time-history analyses.
They first showed that each mode of an MDOF structure
can be represented by a particular SDOF structure and then
used this toward controlling different modes of a multi-
modal structure using multituned mass dampers.

An active area of research is the optimization of pas-
sive and active vibration control systems in tall buildings
equipped with such systems (Aldwaik and Adeli 2014).
For instance, Bakre and Jangid (2007) used nonlinear pro-
gramming to obtain the optimum parameters of a TMD
system attached to a viscously-damped SDOF main sys-
tem for various combinations of excitation and response
parameters such as relative displacement, velocity of main
mass and force transmitted to the support. They also de-
rived explicit formulae for the TMD system’s damping
and tuning frequency and the corresponding minimized
response. Traditional techniques of this kind, however,
are not suitable for the optimization of TMD-equipped
systems (e.g. towers) because they are typically large/tall
and expected to exhibit a complex seismic response. This
conundrum has sparked research on the optimization of

the design and location(s) of TMDs in different types of
structures using metaheuristic optimization algorithms.
Some of these studies are outlined below.

Singh et al. (2002) used the genetic algorithm (GA) to
optimize the TMD design for controlling the torsional re-
sponse of building systems subjected to bidirectional seismic
inputs. Singh and Moreschi (2002) employed GA for the op-
timum, seismic, performance-based design of TMD-equipped
structures. Desu et al. (2006) used GA to optimally design a
TMD to control coupled lateral and torsional vibrations of
asymmetric buildings. The particle swarm optimization
(PSO) has also been employed for the optimum design of
TMD systems. Leung et al. (2008) and Leung and Zhang
(2009) used PSO to find the optimum mass ratio, damping
and tuning frequency of TMDs attached to viscously-
damped SDOF main systems. The multi-objective PSO algo-
rithm was used by Khatibinia et al. (2016) to optimize TMD
parameters considering soil-structure interactions. Bekdaş and
Nigdeli (2011) and (Nigdeli et al. 2017) optimized TMDs
subjected to harmonic loading and ground acceleration using
the harmony search (HS) algorithm. Using HS, Nigdeli and
Bekdas (2013) calibrated TMDs for preventing brittle fracture
of reinforced concrete buildings. An improved HS was used
by Zhang and Zhang (2017) to find optimum TMD parame-
ters for high-rise intake towers. Examples of other algorithms
that have been used for the optimization of TMDs and TMD-
equipped systems include the ant colony algorithm
(Farshidianfar and Soheili 2013), the charged system search
(Kamgar et al. 2017; Shahrouzi et al. 2017), the grey wolf
optimizer (Kamgar et al. 2017), the gravitational search algo-
rithm (Khatibinia et al. 2017), the bat algorithm (Bekdaş and
Nigdeli 2017; Bekdaş et al. 2018) and the differential evolu-
tion algorithm (Lu et al. 2018), among others.

The studies surveyed above assumed an elastic behavior
for the structure. The inelastic behavior of structures, however,
has proven to considerably influence the efficacy of TMDs
and their optimum design. For instance, Wong (2008) showed
that TMDs are mostly effective in structures that yield at large
displacements, which in turn allow storing larger amounts of
energy inside the TMD and releasing it later in the form of
damping energy when the response is not at a critical state. In
addition, the inelastic behavior of the structure would require
TMD performance indices different from those used for
elastic structures. For example, Mohebbi and Joghataie
(2012) considered reduction in total structural drift and cumu-
lative hysteretic energy (plastic energy) as performance indi-
ces for a TMD-equipped, eight-story, nonlinear building with
bilinear hysteretic material behavior and subjected to a white-
noise excitation.

Further research is required to understand and control the
seismic response of and define appropriate performance indi-
ces for inelastic and large-scale structures improved with
TMDs. In that respect, this study evaluates the suitability of
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four objective functions for the optimum design of the TMD
of an inelastic, steel moment-resisting frame (SMRF) subject-
ed to seismic loading. The objective functions include 1) the
maximum roof lateral displacement, 2) the maximum drift, 3)
the root mean square (RMS) of drifts and 4) the cumulative
hysteretic energy of the SMRF. The TMD is first optimized
under a white-noise excitation. The seismic response of the
SMRF equipped with the optimized TMD is then further eval-
uated under four historic earthquake records.

2 Seismic energy approach

The earthquake input energy transmitted to a structure
consists of four components: 1) kinetic energy, which re-
flects the work of the inertial force, 2) elastic strain ener-
gy, which is a recoverable potential energy stored in the
structure in the form of elastic strain, 3) damping energy,
which is the irreversible work of the damping force and 4)
hysteretic (plastic) energy, which is the energy dissipated
through inelastic excursions during the seismic excitation
and is associated with the damage potential of the struc-
ture (Kuwamura and Galambos 1989). A TMD system can
convert some of the earthquake input energy into damping
energy and consequently reduce the structural damage
caused by hysteretic energy. Therefore, the seismic design
of structures with damping devices would best be based
on an energy-based approach reflecting the distribution of
input energy. In such approach, once the energy demand
for a structure is estimated from the earthquake ground
motion, the damage potential can be quantified by a com-
bination of response and energy parameters. Sufficient
strength and energy dissipation capacity should therefore
be provided in the structure to achieve an acceptable dam-
age threshold (i.e. a desired performance level – Khashaee
et al. (2003)).

2.1 Seismic energy equation

The equation of motion of an n-DOF system is expressed as:

M€u tð Þ þ Cu
:
tð Þ þ Fr tð Þ ¼ −Mr€xg tð Þ ð1Þ

where M is the non-zero, n × n mass matrix; C is the n × n
viscous damping matrix; Fr(t) is the global nonlinear restoring
force vector at time t; €u tð Þ; u: tð Þ and u(t) are the response
vectors of acceleration, velocity and displacement respective-
ly; r is the support influence vector; and €xg tð Þ is the ground
acceleration at time t. Using the derivative relationships
among displacement, velocity and acceleration:

du tð Þ ¼ u
:
tð Þdt ð2Þ

d u
:
tð Þ ¼ €u tð Þdt ð3Þ

Multiplying both sides of (1) by the transpose of displace-

ment increment, u
:
T tð Þ, followed by integrating over the dis-

placement domain from time 0 to time tk, yields:

∫tk0 u
: T tð ÞM€u tð Þdt þ ∫tk0 u

: T tð ÞC u
:
tð Þdt þ ∫tk0 u

: T tð Þ Fr tð Þdt

¼ −∫tk0 u
: T tð ÞMr€xg tð Þdt

ð4Þ

The three terms of the left-hand side of (4) represent kinetic
energy (Ek), damping energy (Ed) and absorbed energy (Ea),
respectively, and the term on the right-hand side of (4) is
considered as the input energy (Ei). Absorbed energy itself
consists of elastic strain energy (Es) and hysteretic energy
(Eh). Therefore, the energy balance equation is rewritten as
(Wong 2008):

Ek þ Ed þ Ea ¼ Ei ð5Þ

where

Ek tð Þ ¼ ∫tk0 u
: T tð ÞM€uT tð Þdt ð6Þ

Ed tð Þ ¼ ∫tk0 u
: T tð ÞC ˙u

:
tð Þdt ð7Þ

Ea tð Þ ¼ ∫tk0 u
: T tð Þ Fr tð Þdt ð8Þ

Ei tð Þ ¼ −∫tk0 u
: T tð ÞMr€xg tð Þdt ð9Þ

2.2 Computation of seismic hysteresis energy

A numerical approximation method proposed by Gong et al.
(2013) was used to calculate the cumulative hysteresis energy
of the structures examined in this study. This method uses the
seismic response histories of the structural members to calcu-
late their hysteretic energy dissipations that are later aggregat-
ed to calculate the cumulative (total) hysteretic energy of the
entire structure. The hysteretic energy of the k-th element, Eh,

k, of the structure is determined at the end of an earthquake
using the total work of internal forces as:

Eh;k ¼ WMoment;k þWAxial;k þWShear;k ; k

¼ 1; 2;…; ne ð10Þ

where ne is the number of elements; and WMoment, k, WAxial, k

andWShear, k are the work done by the bending moment, axial
force and shear force of the k-th element, respectively, and can
be approximated as:

WMoment;k ¼ ∑
T

t¼0

1

2
Δφt;k þΔφt−Δt;k

� �
Mt;k ð11Þ
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WAxial;k ¼ ∑
T

t¼0

1

2
Δxt;k þΔxt−Δt;k
� �

Pt;k ð12Þ

WShear;k ¼ ∑
T

t¼0

1

2
Δyt;k þΔyt−Δt;k

� �
Vt;k ð13Þ

where T is the duration of the earthquake; Mt, Pt and Vt are
internal moment, axial force and shear force at time t, respec-
tively; Δφ, Δx and Δy are the increments of end rotation,
axial deformation, and shear deformation of the element from
time t −Δt to time t, respectively; and Δt is the time-
increment for dynamic analysis. The cumulative hysteretic
energy of the structure is then computed as:

Eh ¼ ∑
ne

k¼1
Eh;k ð14Þ

3 Optimal design of a TMD system

3.1 Optimization problem

Four different performance indices were used and compared
against as the objective function of an optimization problem
seeking the optimum values for the parameters of a TMD
system of a six-story, inelastic SMRF subjected to an earth-
quake excitation. The objective functions included 1) minimiz-
ing the maximum roof lateral displacement (denoted here as
RoofDisp), 2) minimizing the maximum drift (denoted here as
Drift), 3) minimizing the root mean square of drifts (denoted
here as RMSDrifts) and 4) minimizing the cumulative hyster-
etic energy of the SMRF (denoted here as TotHysE). The min-
imization problem for the four cases can then be expressed as:

Find : md; kd; cd
Minimize :

RoofDisp : f md ; kd ; cdð Þ ¼ max xroof tð Þ�� ��� �
; t ¼ 0;Δt; 2Δt;…; T

Drift : f md; kd; cdð Þ ¼ max Di tð Þj jð Þ ; t ¼ 0;Δt; 2Δt;…; T ; i ¼ 1; 2;…;N story

RMSDrifts : f md; kd ; cdð Þ ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
T

t¼0
Di tð Þ2

T

vuuut
0
BBBB@

1
CCCCA; t ¼ 0;Δt; 2Δt;…; T ; i ¼ 1; 2;…;N story

TotHysE : f md ; kd; cdð Þ ¼ Eh

subject to :
xmax;TMD md ; kd; cdð Þ≤xall
md;min≤md ≤md;max

0 < kd ≤kd;max

0 < cd ≤cd;max

ð15Þ

where md, min and md, max are the lower and upper bounds of
the TMD mass, md; kd, max is the upper bound of the TMD
stiffness, kd; Cd;max is the upper bound of the TMD damping,
cd; xmax, TMD and xall are the maximum and allowable values
of stroke length for TMD; xroof(t) is the lateral displacement of
the top story (roof) in time t;Di(t) is the drift of the i-th story in
time t; and Nstory is the number of stories of the structure.

3.2 Constraint-handling approach

Numerous constraint-handling techniques have been pro-
posed in the literature for metaheuristic algorithms.
Examples include dynamic penalties and adaptive penalties.
The interested reader is referred to a comprehensive survey by
Coello Coello (2002). In this study, one of the most efficient
forms of penalty functions used structural optimization known
the external penalty function was used (Yazdani et al. 2017;

Khatibinia and Yazdani 2018). This penalty function converts
the constrained optimization problem of the TMD system into
an unconstrained one as:

~f md; kd; cdð Þ ¼ f md; kd ; cdð Þ 1þ rp P f
� � ð16Þ

where ~f is the penalized objective function of a constraint-
violating solution, and rp is an adjusting coefficient defined as
(Chen and Chen 1997):

rp ¼ rp1 1þ 0:2 l−1ð Þ½ �≤4rp1 ð17Þ

where rp1 is an initial adjusting value in the first iteration, and l
is the generation counter. In (16), Pf is the total penalty and
represents the degree of constrain violation and defined as:

P f ¼ xmax;TMD

xall
−1 ð18Þ
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4 Particle swarm optimization algorithm

The particle swarm optimization (PSO) has widely been used
as an efficient technique in structural optimization (e.g.
Gharehbaghi and Khatibinia (2015); Mokarram and Banan
(2018)). Introduced by Kennedy and Eberhart (1995), PSO

imitates the choreography and sociocognitive behavior of
birds in a flock. The birds in the flock are called particles
and represent possible solutions in the search space. Particles
quasi-randomly fly around and iteratively move toward the
optimum solution (food). They keep an eye on others to fol-
low the particle closest to the optimum solution (gbest) while
keeping track of their own best solutions found so far (pbest).
The i-th particle in the l-th iteration is associated with a posi-

tion vector, X l
i, and a velocity vector, Vl

i, denoted as:

X l
i ¼ xli;1; x

l
i;2;…; xli;p

n o
V l

i ¼ vli;1; v
l
i;2;…; vli;p

n o ð19Þ

where p is the dimension of the solution space. As the particle
flies through the solution space, its position is updated as:

Vlþ1
i ¼ ωlV l

i þ c1 r1 pbestli−X
l
i

� �þ c2r2 gbestl−X l
i

� � ð20Þ
X lþ1

i ¼ X l
i þ V lþ1

i ð21Þ
where r1 and r2 are two uniform random numbers between (0,
1); c1 and c2 are the cognitive- and social-scaling parameters,

Fig. 1 Six-story SMRF model

Fig. 2 TMD-equipped SMRF model with lumped plasticity

Table 1 The benchmark SMRF’s natural periods of vibration

Mode number Natural periods of vibration (s)

Wong (2008) Present study

1 1.22 1.24

2 0.44 0.45

3 0.25 0.25

4 0.18 0.18

5 0.14 0.14

6 0.11 0.11

Fig. 3 Monotonic moment-rotation relationship for the modified IMK
deterioration model (Ibarra et al. 2005; Lignos and Krawinkler 2011)

Seismic energy dissipation-based optimum design of tuned mass dampers



respectively; and ωl is the inertia weight that controls the in-
fluence of the previous velocity and is defined in the l-th
iteration as (Shi and Eberhart 1998):

ω ¼ ωmax−
ωmax−ωmin

lmax
l ð22Þ

where ωmax and ωmin are the maximum and minimum values
of ω, respectively; and lmax is the maximum number of
iterations.

A passive-congregation-based PSO (PSOPC) proposed by
He et al. (2004) was used in the present study. The passive
congregation is an important biological force that preserves a
flock’s integrity by attracting particles to the flock. Compared
with PSO, PSOPC exhibits an improved accuracy and a faster
convergence rate. In PSOPC, the velocity is modified as:

Vlþ1
i ¼ ωlV l

i þ c1 r1 pbestli−X
l
i

� �þ c2 r2 gbestl−X l
i

� �
þ c3 r3 Rl

i−X
l
i

� � ð23Þ
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Fig. 4 The 1994 Northridge
ground motion record as used by
Wong (2008)

Fig. 6 Time history of cumulative hystersis energy for the Northridge
earthquake: aWong (2008), with permission fromASCE and b this study

Fig. 5 Time history of input energy for the Northridge earthquake: a
Wong (2008), with permission from ASCE and b this study
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where Ri is a particle selected randomly from the swarm; c3 is
the passive congregation coefficient; and r3 is a uniform ran-
dom number in the range (0, 1).

5 Modeling a benchmark SMRF equipped
with TMD

The TMD-equipped, six-story SMRF used by Wong (2008)
was employed as a benchmark in this study (Fig. 1).

The open-source finite element software OpenSEES
(Mazzoni et al. 2006) was used for the nonlinear dynamic
analysis of the SMRF. Plasticity was introduced in the
structural elements using a lumped plasticity model,
which assumes zero-length plastic hinges (rotational
springs) at the ends of elastic beam-column elements
(Fig. 2).

The hinges obeyed a bilinear hysteretic behavior based
on the Ibarra–Medina–Krawinkler (IMK) model (Ibarra et
al. 2005). The properties of the IMK model are shown in
Fig. 3. The model considers nonlinearity by five marked
parameters including 1) the pre-capping (i.e. pre-
maximum moment) plastic rotation (θp), 2) the post-
capping (i.e. from maximum moment to fracture) plastic
rotation (θpc), 3) the cumulative rotation capacity (κ),
which determines the reference energy dissipation capac-
ity of a structural element, 4) the ratio of the effective

(actual) to estimated yield stress (My/My, p) and 5) the
post-yield (maximum) strength ratio (Mc/My).

A mass of 300 t was assumed for each story, and the
damping of the structure was assumed to be 3%. Ayield stress
of 248.2 MPa and an elasticity modulus of 2 × 105 MPa were
considered for steel, and a uniformly-distributed load of
21.89 kN/m was applied on the beams. The TMD system
was modeled using a node defined at the roof level with a
concentrated mass assigned to it and connected to its corre-
sponding structural node using a zero-length element (Fig. 2).
The rotation and displacement of the node were assumed to be
equal to those of the corresponding structural node, while the
stiffness of the TMD system was assigned to the zero-length
element. The damping of the TMD system was defined using
a viscous material. The damping matrix of the TMD-equipped
SMRF was then obtained using the Rayleigh method (Clough
and Penzien 1975).

Two numerical measures were used to validate the SMRF
model. First, the natural periods of vibration corresponding to
its first six modes of the elastic structure were computed and
juxtaposed with those reported by Wong (2008). The results
summarized in Table 1 indicate the close agreement between
the two series of natural periods of vibration.

Fig. 7 Time history of white-
noise ground acceleration with a
peak ground acceleration of 0.7 g

Table 3 Optimum parameters of the TMD system for the four objective
functions

Objective function Optimum value of the TMD parameter

md (ton) kd (MN/m) cd (MN.s/m)

RoofDisp 180 3.55 0.24

Drift 180 3.42 0.25

RMSDrifts 180 2.55 0.26

TotHysE 180 1.95 0.45

Mean 180 2.87 0.30

Table 2 Lower and upper bounds of the values of TMD parameters

TMD Parameter Lower bound Upper bound

cd (MN.s/m) 0 2

kd (MN/m) 0 40

md (ton) 9 180

Seismic energy dissipation-based optimum design of tuned mass dampers



In addition, a time-history analysis was carried out under
the 1994 Northridge earthquake record (Fig. 4) used byWong
(2008) to compare the time history of the input and cumulative
hysteresis energies of the model with and without a TMDwith
those obtained by Wong (2008).

The results shown in Figs. 5 and 6 indicate similar trends
and variations in the seismic input energy during the earth-
quake groundmotion. Figure 6 also shows that the cumulative
hysteresis energy obtained based on the numerical approxima-
tion given in (10) to (13) matches that of Wong (2008). The
results of the validation experiments were deemed adequate to
confirm the accuracy of the SMRF model created and used in
this study.

6 Optimization results

6.1 Optimum design of TMD under an artificial
earthquake

The upper and lower bounds for the mass, stiffness and
damping of the subject TMD are shown in Table 2. The lower
and upper bounds of the TMD’s mass corresponded with 0.5
and 10% (based onWong (2008)) of the structure’s total mass,
respectively. As reported by Mohebbi and Joghataie (2012),
TMD’s mass has a considerable influence on the TMD’s op-
timum design where larger stiffness and damping values are
associated with heavier TMDs. In the present study, relatively
large values were used for the upper bound of the TMD’s
stiffness and damping to accommodate room for uncertainty
and paucity of knowledge about the potential influences of the
structure’s inelastic behavior on the TMD’s optimum design.

A maximum allowable displacement of xall = 175 cm rela-
tive to the roof displacement was applied for the TMD. In the
PSOPC algorithm, the population size (N) and the maximum
number of iterations (lmax) were set to 30 and 150, respective-
ly. The upper and lower bounds for the inertia weight (i.e.
ωmax and ωmin) and rp1 were set to 0.4, 0.1 and 25, respective-
ly. These parameters were selected based on general recom-
mendations given in the literature (e.g. Gharehbaghi and
Khatibinia (2015)).

The optimum values for the TMD parameters are evidently
specific to the earthquake record used. In this study, first the
TMD parameters were optimized under an artificial stationary
earthquake excitation, €xg tð Þ, and then the nonlinear response
of the SMRF equipped with the optimized TMD was evalu-
ated under a few historic earthquake records.

The artificial stationary earthquake excitation was modeled
as a white-noise signal with constant spectral density, S0,Fig. 9 Maximum drift of stories under the artificial earthquake

Fig. 10 Maximum RMS of story drifts under the artificial earthquake

Fig. 8 Maximum lateral displacement of stories under the artificial
earthquake

M.R.S. Bilondi et al.



filtered through the Kanai-Tajimi model (Tajimi 1960; Kanai
1961). The power spectral density (PSD) function was deter-
mined using the following equation:

SK:T ωð Þ ¼ S0
ωg

4 þ 4ζg
2ωg

2ω2

ω2−ωg
2

� �2 þ 4ζg
2ωg

2ω2

" #
; S0

¼ 0:03ζg
πωg 4ζg

2 þ 1
� � ð27Þ

where ζg and ωg are the ground damping and frequency, re-
spectively. The values of 0.8 and 25.13 rad/s (4 Hz) were used
for these parameters, respectively. These values were selected
based on the recommendations of Wu et al. (1999) assuming
the site class C (very dense soil and soft rock - ASCE 7-16
(2016)) for the location of the frame. The artificial earthquake
was not matched to a design spectrum. The generated earth-
quake record had a peak ground acceleration, PGA, of 0.7 g
(Fig. 7). The artificial earthquake was subsequently applied on
the TMD-equipped SMRF.

Given the stochastic nature of the PSOPC algorithm, 10
independent runs were conducted for each objective function
(i.e. 40 runs in total) and the values for the parameters of the
TMD system were computed. The parameters corresponding
to the minimum objective function were then selected as the
global optimum parameters of the TMD system. The optimum
values obtained for each objective function are given in
Table 3.

The results indicate that the optimum mass for the TMD in
all cases is equal to the upper bound selected for this param-
eter. This observation is due to the commensurateness of the
mass of a TMD with how effectively it would mitigate struc-
tural responses (Mohebbi and Joghataie 2012). However, the
TMD mass should usually be limited to avoid increasing the
total weight of the structure that can in turn cause TMD-
structure dynamic interactions.

Figures 8, 9 and 10 show the variations of the maximum
roof lateral displacement, the maximum drift and the RMS of
drifts along the height of the SMRF under the artificial earth-
quake and for different objective functions.

Table 4 Maximum absolute displacements for different objective functions and their corresponding improvement percentages relative to the
uncontrolled SMRF

Story Maximum absolute displacement (cm) Reduction (%)

No TMD With TMD With TMD

RoofDisp Drift RMSDrifts TotHysE RoofDisp Drift RMSDrifts TotHysE

1 8.2 4.5 4.4 4.5 5.2 44.4 45.6 44.2 36.4

2 16.2 8.9 8.8 8.9 10.1 45.0 45.7 44.6 37.7

3 21.5 11.8 11.8 12.0 13.1 45.2 45.0 43.9 38.9

4 25.1 14.5 14.6 14.8 15.4 41.9 41.7 40.5 38.4

5 28.7 17.6 17.7 18.0 19.0 38.5 38.3 37.1 33.6

6 32.3 20.3 20.3 20.8 22.0 37.1 36.8 35.5 31.8

Mean 42.1 42.2 41.0 36.2

Table 5 Maximum absolute drifts for different objective functions and their corresponding improvement percentages relative to the uncontrolled
SMRF

Story Maximum absolute drift (cm) Reduction (%)

Without TMD With TMD With TMD

RoofDisp Drift RMSDrifts TotHysE RoofDisp Drift RMSDrifts TotHysE

1 8.2 4.5 4.4 4.5 5.2 44.5 45.6 44.2 36.4

2 8.1 4.3 4.3 4.4 4.8 46.3 46.2 45.4 39.8

3 5.6 3.6 3.6 3.6 3.5 34.8 34.8 34.7 36.4

4 4.2 3.4 3.5 3.7 3.8 18.6 16.5 10.9 9.9

5 5.1 4.1 4.3 4.8 4.4 19.2 15.5 6.6 13.3

6 4.1 3.6 3.5 3.8 3.5 11.8 14.7 6.9 15.6

Mean 29.2 28.9 24.8 25.2

Seismic energy dissipation-based optimum design of tuned mass dampers



To help the reader better discern the data, the results shown
in Figs. 8 and 9 together with additional statistical analyses are
also presented in Tables 4 and 5. The results indicate that the
optimized TMD considerably mitigated the maximum re-
sponses of the frame under the artificial earthquake. Mean
reductions of 36 to 42% and 25 to 29% were achieved for
the maximum roof displacements (Table 4) and the maximum
drifts (Table 5), respectively. In addition, the results in Fig. 8
and Table 4, which correspond to the maximum roof displace-
ments, indicate that the story displacements of the SMRF
equippedwith a TMD increased linearly with height. Put other

way, comparable drifts were observed for all floors of the
TMD-equipped SMRF, as shown in Figs. 9 and 10 and
Table 5. In contrast, the first three stories of the uncontrolled
SMRF experienced considerably larger drifts compared with
the upper three floors, resulting in a nonlinear deformed shape
for the structure.

Figure 11 and Table 6 show the hysteresis energy accumu-
lated in the SMRF during the artificial earthquake for each
objective function. The results provide another evidence for
the considerable efficacy of the optimized TMD in mitigating
the seismic structural responses of the frame and protecting it
from major damages. Quantitatively, the TMD optimized
based on the cumulative hysteresis energy as the objective
function reduced the cumulative plastic energy dissipation
by 81.3% from 1855.9 kJ in the uncontrolled SMRF to
346.6 kJ. This reduction is considerably greater than the mean
reductions obtained for other performance indices. The other
objective functions produced comparable reductions for ener-
gy dissipation.

The mean values produced by the objective functions for
each performance index (except RMS of drifts) are summa-
rized in Table 7 where their grand means are also shown as a
figure of merit for the objective functions. The results indicate
that all the objective functions exhibited roughly the same
performances in mitigating seismic structural responses.

Similar to the performance indices, the maximum story
accelerations of the SMRF were also observed to be consid-
erably reduced by equipping the structure with the optimized
TMD (Fig. 12). Similar trends can be seen in the variations of
the maximum story accelerations along the height of the
SMRF: the roof and the first floor experienced the largest
and smallest accelerations, respectively, while the other stories
underwent roughly the same accelerations. Except the roof,

Fig. 11 The time history of the cumulative hysteresis under the artificial
earthquake for a the uncontrolled and b the TMD-equipped structures

Table 6 Cumulative hysteresis
energies for different objective
functions and their corresponding
improvement percentages with
respect to the uncontrolled SMRF

Cumulative hysteresis energy (kJ) Reduction (%)

Without
TMD

With TMD With TMD

RoofDisp Drift RMSDrifts TotHysE RoofDisp Drift RMSDrifts TotHysE

1855.9 492.8 462.5 383.2 346.6 73.5 75.1 79.4 81.3

Table 7 Comparison of mean improvement values obtained by
objective functions

Performance index Objective functions

RoofDisp Drift RMSDrifts TotHysE

Maximum absolute
displacement

42.1 42.2 41.0 36.2

Maximum absolute drift 29.2 28.9 24.8 25.2

Cumulative hysteresis energy 73.5 75.1 79.4 81.3

Mean 48.3 48.7 48.4 47.6
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cumulative hysteresis energy resulted in the lowest accelera-
tions across the frame.

Considering the results shown and summarized in Figs. 8,
9, 10, 11 and 12 and Table 7, all the objective functions seem
effective in mitigating seismic structural responses. However,
because even small reductions in the plastic energy of a struc-
ture could translate into sizably lower damages, cumulative
hysteresis energy, which resulted in the minimum plastic en-
ergy, was deemed the most effective objective function under
an artificial excitation.

6.2 Assessment of SMRF equipped with optimized
TMD under real earthquake excitations

The assessment of the TMD-equipped SMRF was further ex-
amined under four historic earthquake records: two near-field
earthquakes of Kobe and Niigata and two far-filed earth-
quakes of Tabas and Northridge (Table 8). The earthquake
records were selected had the same site class (i.e. C) as as-
sumed for the artificial earthquake. It should be noted that the
Northridge earthquake record given in Table 8 is different

from that used by Wong (2008), which was employed earlier
to validate the model.

Figs. 13, 14, 15 and 16 show the maximum drifts of the
SMRF in both uncontrolled and TMD-equipped forms under
the real earthquakes. The results show that the near-field Kobe
earthquake caused the largest drifts in the uncontrolled struc-
ture. This observation could be attributed to the distinct, short-
duration, long-period, large-amplitude pulses that near-field
ground motions contain in both velocity and displacement.
The results also indicate that equipping a structure with a
TMD optimized using an artificial earthquake will not warrant
that the structure will exhibit a better seismic performance in
any measure compared with when no TMD is used. For in-
stance, Figs. 13 and 15 indicate that the SMRF equipped with
a TMD optimized using the objective functions RoofDisp and
Drift exhibited larger drifts for the first two floors under the
Kobe and Northridge earthquakes compared with the non-
equipped SMRF. A similar observation is made from
Figs. 14 and 15 for the fifth floor when the structure is sub-
jected to the Niigata and Tabas earthquakes. A closer look at
the results suggests that the results of the objective functions

Fig. 12 Maximum acceleration of stories under the artificial earthquake

Table 8 Properties of the real
earthquakes Earthquake Year Station Tp (s) Duration (s)

5–95%
PGAa

(g)
Mw Rrup

(km)
Vs30

(m/s)
Scale
factor

Kobe,
Japan

1995 Takatori 1.554 11.3 0.67 6.9 1.47 256 1

Niigata,
Japan

2004 NIG019 – 96.8 1.33 6.63 9.88 372.33 1

Northridge,
USA

1994 Los
Angeles

– 11.6 1.87 6.69 27.01 308.71 4

Tabas, Iran 1978 Boshrooyeh – 19.5 0.53 7.35 28.79 324.57 5

a larger horizontal component

Fig. 13 Maximum drift of stories under the Kobe earthquake

Seismic energy dissipation-based optimum design of tuned mass dampers



RoofDisp and Drift form one cluster, while the other two
objective functions (i.e. RMSDrifts and TotHysE) form anoth-
er, implying an interconnectedness within each cluster. It can
also be seen that, under all the real earthquakes, TotHysE was
the only objective function that yielded a TMD that consis-
tently reduced drifts to smaller levels than them of the uncon-
trolled structure. The other objective functions did not yield a
TMD with such consistency.

The cumulative hysteresis (plastic) energies of the
SMRF with and without a TMD under the historic earth-
quakes are shown in Figs. 17, 18, 19 and 20. Granting

that plastic energy is associated with the damage experi-
enced by a structure (Kuwamura and Galambos 1989),
the results show that the non-equipped TMD underwent
the most damage under the Kobe earthquake followed by
the Niigata, Northridge and Tabas earthquakes. The re-
sults also corroborate the efficacy of a TMD in reducing
cumulative hysteresis energy and in turn mitigating po-
tential damages to the structure under real earthquakes.
Similar clusters of curves as those seen in Figs. 13, 14,
15 and 16 are observed in Figs. 17, 18, 19 and 20 where
the objective functions RoofDisp and Drift produce

Fig. 14 Maximum drift of stories under the Niigata earthquake

Fig. 15 Maximum drift of stories under the Northridge earthquake

Fig. 16 Maximum drift of stories under the Tabas earthquake
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similar results different from those produced by the other
two objective functions (i.e. RMSDrifts and TotHysE). A
comparison of the results shows that none of the objec-
tive functions consistently resulted in the lowest cumula-
tive hysteresis energy for all earthquakes. This observa-
tion indicates that the efficacy of a TMD depends on the
characteristics of the earthquake excitation where the en-
ergy dissipation capacity of a TMD is inversely propor-
tional to the strength of an earthquake shaking.
Observing similar results, Wong and Harris (2010) attrib-
uted this behavior to detuning effects that occur during
strong earthquakes due to major structural damages and,
in turn, significant period shifts.

7 Conclusions

A tuned mass damper was optimized for use in an inelastic
steel moment-resisting frame (SMRF) subjected to a white-
noise excitation using four different objective functions: 1)
minimizing the maximum roof lateral displacement, 2)
minimizing the maximum drift, 3) minimizing the root
mean square of drifts and 4) minimizing the cumulative
hysteretic energy of the SMRF. The seismic response of
the SMRF equipped with the optimized TMD was further
investigated under four historic earthquake records. The
results indicated that the optimized TMD considerably mit-
igated the seismic response of the frame under the artificial
earthquake. Mean reductions of 36 to 42% and 25 to 29%
were achieved for the maximum roof displacements and
the maximum drifts, respectively. The TMD optimized
based on the cumulative hysteresis energy as the objective
function reduced the cumulative plastic energy dissipation
by 81.3%. The maximum story accelerations of the SMRF
were also observed to be considerably reduced by equip-
ping the structure with the optimized TMD. Assessment of
the response of the TMD-equipped SMRF to the four his-
toric earthquake records indicated that equipping a struc-
ture with a TMD optimized using an artificial earthquake
will not guarantee that the structure will exhibit a better
seismic performance in any measure compared with when
no TMD is used. It was observed that the efficacy of a
TMD depends on the characteristics of the earthquake ex-
citation where the energy dissipation capacity of a TMD
decreases as the earthquake shaking becomes stronger.
This behavior was attributed to detuning effects arising
from major structural damages and significant period shifts
that in turn occur during strong earthquakes.

0

1

2

3

4

5

6

0 5 10 15 20 25 30 35 40 45 50

Pl
as

tic
 E

ne
rg

y 
(J

)

Time (s)

W/o TMD

RoofDisp

Drift

RMSDrifts

TotHysE

610×

Fig. 18 Time history of cumulative hysteresis energy under the Niigata
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Northridge earthquake
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